Let A(x) be an operator valued function that is analytic on the real axis. Assume that A(x) is selfadjoint for each real x. It is shown that A(x) and [J A(s) ds commute for all real x iff A(x) and A(y) commute for all real x and y. This result is then used to establish several new characterizations of the Potapov inner functions of normal operators T such that || 7*[| < 1. The case where ||7J = !, r(T)<\ and AT(x) and AT(y) commute for real x and y is discussed. Here AT(x)=-iU'T(x)UT(x)* and UT(x) is the Potapov inner function for T. This paper is a continuation of the author s study of differentiable inner functions begun in 1. Main result. The main result of this paper is the following theorem. It answers the major unresolved question left in [1] . By operator we mean a bounded linear operator acting in a fixed separable Hilbert space A.
This paper is a continuation of the author s study of differentiable inner functions begun in [1] , [2] , and [4] . It answers some of the questions raised in [1] and improves the characterization of AT for normal Tgiven in [4] . The results of [4] on the L1 norm of AT have recently been improved and elaborated on by Helson [7] and Herrero [9] .
1. Main result. The main result of this paper is the following theorem. It answers the major unresolved question left in [1] . By operator we mean a bounded linear operator acting in a fixed separable Hilbert space A. To prove this result we need the following lemma. Theorem 1 is written in the notation of [1] . For purposes of a proof, it is notationally more convenient to prove the following result which includes Theorem 1. for all x. A discussion of Potapov inner functions may be found in [10] . The differential equation was introduced in [6] and extensively studied in [3] . The connection between inner functions and operators is nicely explained in [8] .
Combining the results of [1] , [4] , and this paper we get the following theorem. Proof. The equivalence of (a) and (b) is due to Sherman [12] . The equivalence of (d), (e), (f), (g), and (h) was shown in [1] , while (a) and Proof. Recall from [1, Theorem 7] , that the closure of the range of AT(x) is independent of x. If there exists an x0 such that AT(x0) is not a scalar multiple of a projection, then let P be a nontrivial projection in the spectral resolution of AT(x0). Then [AT(x), P]=0 for all x andAT(x)-AT(x)P®AT(x)(I-P)=Ax(x)®A2(x). Let Ux(x)and U2(x) be the solutions of X'=iAxX, X(0)=P, and X'=iA2X,X(0)=(I-P), respectively. Then UT(x) and (Ux®(I-P))(P@U2)UT(0) both satisfy the initial value problem X'=iATX, X(0)=UT(0), and hence are equal. Thus UT factors and T has an invariant subspace. There remains the possibility that AT(x)= p(x)P for a scalar function p(x) and projection P. In this case UT(x)= (q(x)P@(I-P))UT(0) where q is the scalar inner function satisfying q'(x)=ip(x)q(x), q(0)=1. Clearly UT factors unless it is trivial, that is, dim PA= 1 and q is a single Blaschke factor. The techniques used in proving Theorem 4 can be adapted to prove the following more general result. all real x and BP is not a scalar multiple of P, then T has an invariant subspace.
The example mentioned earlier shows that one cannot improve Theorem 5 to produce a reducing subspace since [\ J] has none. If we assume ||7"||< 1, then Theorem 5 can be modified to prove T has a reducing subspace. See [3, p. 37] for details.
As a first step toward characterizing the nonnormal operators for which (c) holds we show they must be isometric on a nontrivial subspace. ] and is probably about the best possible for inner functions analytic on the closed disc.
The assumption that 1 is not an eigenvalue of T*T is equivalent to assuming that || 7^|| < ||^|| for all nonzero <f> in A.
